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ABSTRACT

We report on a joint theoretical and experimental study of an analogue of the Lamb shift in the photonic
framework. The platform is an integrated photonic device consisting of a single mode waveguide vertically coupled
to a disk-shaped microresonator. The presence of a neighboring waveguide induces a reactive inter-mode coupling
in the resonator, an effect analogous to an off-diagonal Lamb shift from atomic physics. Waveguide mediated
coupling of different radial families results in peculiar Fano lineshapes in the waveguide transmission spectra,
which manifests for different relative frequency shifts of the modes at different azimuthal numbers. Finally, a
non-linear model for the dinamic tuning of the Fano lineshape under continuous wave pumping conditions is
proposed.
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1. INTRODUCTION

In the theory of open systems, the study of the coupling between a physical system to an environment constitutes
a central problem.1 On one hand, the dissipative component of the coupling allows to pump the system from
outside and to observe the energy which is radiated through active decay channels. On the other hand, the
reactive component of the coupling shifts the energy levels of the system. Most celebrated examples of this
physics involve an atom coupled to the bath of electromagnetic modes,2 namely, the (dissipative) spontaneous
emission of photons from an excited state3–5 and the (reactive) Lamb shift of energetic levels of transitions
(Fig. 1a).6–8

First experiments in late 1970’s9 revealed that destructive interference effects between different decay paths,
which leads to the same final state in the continuum, can efficiently suppress absorption by a multilevel atom.
These phenomena are known as the Coherent Population Trapping (CPT)10 and Electromagnetically Induced
Transparency (EIT).11, 12 While originally these phenomena were discovered in the atomic physics context, anal-
ogous effects in solid-state systems,13 quantum billiards,14–16 photonic devices,17–23 and, very recently, optome-
chanical systems24 have been in the center of a continuous interest. While typically in most experiments only
the dissipative features are affected by the interference, the theory predicts that a similar phenomenon should
also occur on the reactive coupling side.1

In photonics, the presence of a waveguide in the vicinity of a resonator activates radiative decay channels
for the cavity modes via leakage of the electromagnetic wave into the waveguide mode.25–27 The corresponding
reactive effect corresponds to a shift of the resonator mode frequencies, which can be formally interpreted as
the photonic analogue of the atomic Lamb shift (Fig. 1b). Here, we report on a joint theoretical and experi-
mental study of such a photonic system in which pairs of optical modes at very similar frequencies are coupled
simultaneously to the same waveguide mode. In this case, both the dissipative and the reactive couplings of the
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Figure 1. (a) In atomic physics, following Lamb’s theory, the interaction of an atom with a bath of electromagnetic modes
(the vacuum) shifts the energy levels. (b) In the photonic analogue, two eigenmodes of the same resonator may interact
through a waveguide. (c) The proposed experiment is composed by a microresonator vertically coupled to an integrated
single-mode waveguide located below the disk. A crucial feature is the possibility to engineer the relative coupling of
different radial mode families shifting the waveguide under the resonator.

cavity modes to the waveguide turn out to be affected by interference phenomena between the resonator modes,
which can be summarized as environment-induced inter-mode couplings. In analogy to the atomic phenomena,
the dissipative component of the coupling gives a CPT effect, while the reactive one induces an off-diagonal
Lamb shift. We show that a consideration of both of these coupling terms is necessary in order to explain the
asymmetric Fano interference lineshapes observed in the transmission spectra of the system.

Moreover, we address the possibility to tune dynamically the degree of asymmetry (lineshape) of the Fano
resonances under the conditions of a continuous wave pumping of the photonic device. For this, we have developed
the theoretical basis which treats with cross-coupled differential equations, including non-linear optical pumping
terms, for field amplitudes of the interacting resonator modes. The numerical simulations based on the dynamic
model predict the necessary experimental conditions under which the Fano lineshape can be dynamically driven
from large mode detunings to resonance crossover (zero detuning) condition where the EIT feature manifests.

2. MEASUREMENTS

2.1 The device

The investigated system consists of a thin microdisk resonator vertically coupled to an integrated single-mode
waveguide located below the disk (Fig. 1c). While the vertical coupling is much flexible from the point of view
of fabrication, it allows for an independent lateral and vertical positioning of the waveguide. In contrast to the
traditional lateral coupling solution, where only the most external RMF is typically exited, the vertical coupling
permits to freely tune the coupling to the different radial mode families (RMF), in particular to the more internal
ones.28, 29 This comes out to be a crucial feature: since the inner RMF exhibit lower intrinsic quality factors
the vertical coupling allows for several RMFs to be simultaneously close to the critical coupling and, therefore,
easily observable in the waveguide transmission spectra.

2.2 Experimental data

The samples were tested using the experimental setup reported in Fig. 2a: a tunable C-band laser injects the
light into the sample with a controlled polarization through an optical lensed fiber. The transmitted light is
collected at the output facet of the waveguide using another fiber and sent to a photodetector. Figure 2b reports
an example of spectrum of a 40 μm diameter silicon nitride microresonator. For the designed relative lateral
position of the waveguide,28 the first, the second and the third radial families of the microdisk resonator are
excited with different coupling constants. In the following, we will take into consideration the first and second
radial families only, neglecting any possible contribution from the weak third one, provided that the spectral
position of this last is far enough from the wavelength range of interest.
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Figure 2. A sketch of the experimental setup used to measure the transmission spectra of the system is shown (a). A
tunable C-band laser, filtered by a polarization controller, is injected into the waveguide with the aid of tapered fibers.
Transmitted light is collected with another fiber taper and the intensity is measured by a photodiode. An example of the
resulting spectra where resonances cross each other is shown in (b).

In general, different radial mode families have a different free spectral range (FSR). In this particular case,
the FSR difference between the first and the second RMFs is about 20 GHz, so that when observing different
azimuthal modes of one of the radial families, the peaks of the other radial family “slide” across the first one.
When two different radial family modes overlap spectrally, under favorable coupling conditions, an efficient
exchange of electromagnetic energy may take place between otherwise orthogonal modes. This may lead to
interference phenomena where the new “hybrid” resonance takes the form of an asymmetric Fano lineshape,
typical for two degenerate and interfering modes.

3. MODEL

The presence of a waveguide in the vicinity of a resonator builds up a channel for injecting optical power inside
the resonator. However, this means also that new decay channels, namely those which emit light into the waveg-
uide, are now present. Furthermore, following an intuitive reasoning, there should be also a reactive contribution
due to the fact that in the vicinity of the waveguide the mode’s surroundings have a different refractive index,
which may result in a shift of the resonator mode frequencies.
In another perspective, the waveguide may be seen as a medium through which the modes interact with them-
selves: each mode may decay into and reabsorb a photon from the waveguide. This effect is analogous to the
Lamb effect in atomic physics (Fig. 1a). In the present work, we model the interactions between the waveg-
uide and the resonator modes with both dissipative and reactive terms. Furthermore, we introduce interference
terms which may be seen as environment-induced inter-mode couplings. These terms are analogous to the co-
herent population trapping and to a sort of off-diagonal Lamb shift for the dissipative and reactive components,
respectively.

In order to verify and quantify the mode frequency shifts, a model has to be built for comparing with the
experimental data. Therefore, we write down the transmission of the whole system as a function of the mentioned
shift parameters. As stated before, we will focus on a system with two modes j = 1, 2 interacting with a single
(transverse) mode waveguide with a continuum of (K) modes, although generalization to nmodes for the resonant
system is possible.30 The transmission of a waveguide which is coupled to a resonator reads then

T (ωinc) = |Etr/Einc|2 = |1− i ρ
∑

j=1,2

ḡ∗j ᾱj/Einc|2, (1)

where ρ = |dK/dΩ| is the density of states in the waveguide, ḡ∗j is the coupling amplitude of the jth resonator
mode and ᾱj are the stationary solutions for the modes which remain to be found.

In order to build up the equations of motion for the field amplitudes inside the two modes αj=1,2 let’s define
the symbols for the quantities we are going to use:
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ωo
j is the center frequency of the unperturbed mode, Δjj is the diagonal Lamb-like shift which moves the

mode j thanks to the interaction with the waveguide, γnr
j represents the intrinsic losses of the resonator, while

Γrad
jj represents the radiative losses contribution due to the coupling to the waveguide. Analogously, we define

some new terms Δ12 and Γrad
12 which represent the non-diagonal Lamb-like shift and losses, respectively.

We may now write down the equation of motion for the field amplitudes inside the considered modes in the
standard way, considering the new terms which may be summarized into two Δ and Γrad matrices, which can be
proved to be Hermitian:

i
dαj

dt
=

[
ωo
j +Δjj − i

γnr
j + Γrad

jj

2

]
αj +

(
Δ12 − i

Γrad
12

2

)
α3−j + ḡjEinc(t). (2)

3.1 Data fitting

Least square fitting was performed on the experimental data using the Eq.(2) in order to estimate the values of
Γ and Δ. In Fig.3a an example of the experimental Fano spectrum (scatter) with the model fit (dashed line) is
shown. From the fit data the Γrad and Δ matrices were extrapolated, from which the distribution of the fields
may be calculated. The field intensity corresponding to the fitted data is shown in Fig.3b.

In these experiments, the Fano lineshapes for various detunings are the result of difference in the FSR of first
and second RMFs, therefore, a limited number of Fano spectra with discrete detuning values are available. It
would be interesting to have the possibility to continuously and arbitrarily tune the relative detuning of modes.
For this, however, a different approach is needed.

3.2 Nonlinear model

In order to sweep the first resonance through the second, one needs to continuously tune the difference between
the effective refractive index that two modes feel. This means that we need to employ an effect which changes
the central frequency of the two modes by different amount. Considering the fact that often the first radial
family has a much higher quality factor than the second one, non-linear effects, which rely on the intensity of
the intracavity fields may be employed in order to tune the relative position of peaks and eventually scan the
transition of one of the modes through the other.
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Figure 3. In panel a) an example of experimental transmission spectrum corresponding to a couple of peaks is shown
(black circles), along with the resulting fit with the model of Eq. (2) (continuous blue line). Using the same model, the
spectral intensity distribution was calculated (b) separately for the sharp first radial family mode (dashed red line) and
the broader second radial family mode (continuous blue line).
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Figure 4. The transmission spectra around a couple of resonances is shown (continuous red line), following Eq.(2). With
the introduction of a non-linearity continuos control of peaks detuning becomes possible according to the non-linear
Eq.(4). An example of a “snapshot” solution of this equation is reported as the dashed blue line.

For this purpose, let us introduce the matrix G of the non-linear coupling, whose elements have the form:

gi,j = g

∫
ε(r)2|Ei(r)|2|Ej(r)|2d3r∫

ε(r)|Ei(r)|2d3r
∫

ε(r)|Ej(r)|2d3r , (3)

where g is a coupling constant, ε(r) is the dielectric constant of the medium and E is the electric field. The G
matrix should represent an interaction between the intensities of the modes, as it may occur during a thermal
heating of cavity modes due to material absorption. The equation of motion Eq.(2), which includes the new
non-linear terms, now reads as

i
dαj

dt
=

[
ωo
j +Δjj − i

γnr
j + Γrad

jj

2

]
αj +

(
Δ12 − i

Γrad
12

2

)
α3−j + ḡjEinc(t) + (gjj |αj |2 + g12|α3−j |2)αj , (4)

where gjj is the self-interaction term of the mode, while g12 is the cross-interaction term between two modes.
In general, gjj is expected to be larger for the first RMF which has typically a larger mode confinement factor
compared to the second RMF. On the other hand, g12 is expected to be significantly low due to the spatial
(radial)l mismatch of the field intensity maxima of the two RMFs. Since the Eq. 4 is a non-linear differential
equation, a numerical solver has to be employed in order to find the solutions. In Fig. 4 an example of the linear
and non-linear solutions are shown as a function of wavelength. Since the nonlinearity may introduce a hysteresis,
both spectra were taken considering the pump laser sweeping from short to long wavelengths. The continuous
red line represents the cold-cavity situation, in which the resonator has a weak probe and the non-linear terms
are therefore negligible. Increasing the power, one obtains the hot-cavity spectrum (dashed blue line). In this
case both transmission deeps are shifted towards the red side of the spectrum, with the sharp first RMF showing
a larger spetral displacement towards the second RMF due to the higher nonlinear coefficient.

4. CONCLUSIONS

In this joint theoretical and experimental study we have reported on the formation of asymmetric Fano line-
shapes in the spectrum of a microdisk resonator vertically coupled to a single-mode waveguide. We revealed
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the importance of the inter-mode dissipative and reactive couplings due to the neighboring waveguide and have
characterized the peculiar Fano line shapes manifesting in transmission spectra. In addition, we have developed
further the static model for Fano resonances to make it feasible also for the study of dynamic effects. This model
predicts that introduction of the resonator material non-linearity allows for continuous control of the relative
detuning of the resonances constituting the Fano lineshape.
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[7] Hänsch, T. W., Shahin, I. S., and Schawlow, A. L., “Optical resolution of the lamb shift in atomic hydrogen
by laser saturation spectroscopy,” Nature 235, 63–65 (1972).

[8] Lempicki, A., Andrews, L., Nettel, S. J., McCollum, B. C., and Solomon, E. I., “Spectroscopy of Cr3+ in
glasses: Fano antiresonances and vibronic lamb shift,” Phys. Rev. Lett. 44, 1234–1237 (1980).

[9] Alzetta, G., Gozzini, A., Moi, L., and Orriols, G., “An experimental method for the observation of r.f.
transitions and laser beat resonances in oriented na vapour.,” Nuovo Cimento B 36, 5–20 (1976).

[10] Arimondo, E. Prog. Optics 35, 257 (1996).

[11] Boller, K.-J., Imamoglu, A., and Harris, S. E., “Observation of electromagnetically induced transparency,”
Phys. Rev. Lett. 66, 2593–2596 (1991).

[12] Fleischhauer, M., Imamoglu, A., and Marangos, J. P., “Electromagnetically induced transparency: Optics
in coherent media,” Rev. Mod. Phys. 77, 633–673 (2005).

[13] Brunner, D., Gerardot, B. D., Dalgarno, P. A., Wüst, G., Karrai, K., Stoltz, N. G., Petroff, P. M., and
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